Abstract. We prove an arithmeticity result for a class of cohomological residual automorphic representations of a general reductive group G. More precisely, we show that this class of residual representations is stable under the action of Aut(C). This complements numerous results on the stability of cohomological cuspidal automorphic representations due by several people. We conclude by showing that the rationality eld of such a cohomological residual automorphic representation is a number eld.
Introduction
Let G be a connected reductive group over a number eld F . Let σ ∈Aut(C) and let Π be an automorphic representation of G(A). Then, Π splits as Π = Π ∞ ⊗Π f and we may dene a new, σ-twisted representation σ Π f := Π f ⊗ σ C of G(A f ). A priori, it is by no means clear, if
σ Π f appears again as the nite part of an automorphic representation of G(A). However, for particular choices of the group G and the automorphic representation Π, there are numerous results in the related literature.
In any case, the key-technique, underlying all of these aforementioned results, is to assume that the automorphic representation considered is of cohomological type, i.e., that it contributes non-trivially to the relative Lie algebra cohomology of the space of automorphic forms A(G), twisted by an appropriate nitedimensional coecient system.
In order to render the above more precise, let E µ be a nitedimensional, irreducible algebraic representation of G ∞ = R F/Q (G)(R) on a complex vector space. It is given by its highest weight µ = (µ ι ) ι∈I∞ . Here, R F/Q (G) denotes restriction of scalars and I ∞ stands for the set of eld embeddings F → C. Similar to the case of an automorphic representation, on the level of G/F , we may form a new representation σ E µ := E µ ⊗ σ C. On the other hand, we let Eσ µ be the representation of G ∞ , which has highest weight σ µ := (µ σ −1 ι ) ι∈I∞ . If G is an inner form of a split algebraic group (which we assume it is from now on), then, as a representation of G(F ), σ E µ is isomorphic to Eσ µ . 2010 Mathematics Subject Classication. Primary: 11F70, 11F75, 22E47; Secondary: 11F67. Key words and phrases. Automorphic cohomology, arithmetic of automorphic forms, residual automorphic representation, residual spectrum.
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As a consequence, if G is inner, we obtain a commutative diagram of G(A f )-module isomorphisms (with σ-linear columns),
.
Using the key result of our recent paper [13] , which shows that below a certain, sharp degree of cohomology q max , the space of automorphic cohomology
of the space of squareintegrable automorphic forms, we can prove the main result of this short paper: We show that under certain constraints residuality is an arithmetic property of automorphic representations, or in other words that the action of Aut(C) preserves the class of these residual automorphic representations:
Theorem. Let G be a connected reductive linear algebraic group over a number eld F , which is an inner form of a split algebraic group, and let E µ be a nite-dimensional algebraic representation of G ∞ . Let Π be a residual automorphic representation of G(A), with nonzero (m G , K)-cohomology below degree q max , which does not appear in interior cohomology. Then for all σ ∈ Aut(C), there exists a residual automorphic
, and which appears in the complement of interior cohomology.
We would like to remark that in the case of G = GL n /F , the general linear group over any number eld F , our approach leads to a result (cf. Thm. 3.3) which complements Clozel [7] , Thm. 3.13, Franke [8] Additionally, we also prove an algebraicity theorem on the eld of rationality,
Corollary. Let Π be a cohomological residual automorphic representation as in the statement of the above theorem. Then Q(Π f ) is a number eld.
We would like to remark that the above corollary generalizes a result which is wellknown for cohomological cuspidal automorphic representations (cf., e.g., Shimura [19] , Harder [15] p.80, Waldspurger [20] , Cor. I.8.3
and rst line of p. 153, Clozel [7] and GrobnerRaghuram [14] , Thm. 8.1.).
1. Some basics 1.1. Number elds. We let F be an algebraic number eld. Its set of places is denoted
where V ∞ stands for the set of archimedean places and V f is the set of nonarchimedean places. We shall use the letter I ∞ for the set of eld embeddings ι : F → C. The ring of adeles of F is denoted A, the subspace of nite adeles is denoted A f .
1.2. Algebraic groups. In this paper, G is a connected, reductive linear algebraic group over a number eld F . We assume to have xed a minimal parabolic F -subgroup P 0 with Levi decomposition P 0 = L 0 N 0 and let A 0 be the maximal F -split torus in the center Z L0 of L 0 . This choice denes the standard parabolic F -subgroups P with Levi decomposition P = L P N P , where L P ⊇ L 0 and N P ⊆ N 0 . We let A P be the maximal F -split torus in the center Z L P of L P , satisfying A P ⊆ A 0 and denote by a P (resp. a P,C ) its Lie algebra (resp. its complexication a P,C = a P ⊗ C). We write H P : L P (A) → a P,C for the standard HarishChandra height function. The group L P (A) 
1.5. Cohomology of locally symmetric spaces. We let
G \G(A)/K be the projective limit of the locally symmetric spaces attached to G. Starting from the algebraic representation E µ , one obtains a sheaf E µ on S by letting E µ be the sheaf with espace étalé
with the discrete topology on E µ . In the same way, we obtain a sheaf
Proposition 1.1. Let G be a connected reductive linear algebraic group over a number eld F and let E µ be a nite-dimensional algebraic representation of G ∞ . Then for all σ ∈ Aut(C) and all degrees q of cohomology, there is a
If G is an inner form of a split algebraic group, then, as a representation of G(F ), every automorphic form is annihilated by some power of an ideal J ▹ Z(g) of nite codimension. We x such an ideal J , once and for all: As we will only be interested in cohomological automorphic forms, we take J to be the ideal which annihilates the contragredient representation E v µ of E µ , cf. Sect.1.3, and denote by
the space consisting of those automorphic forms which are annihilated by some power of J . Clearly, Apart from the action of automorphisms σ ∈Aut(C) on nite-dimensional algebraic representations E µ , cf. Sect. 1.4, there is also an action of σ on the nite part Π f of an automorphic representation: Given σ ∈Aut(C) and Π f , we dene σ Π f to be the representation of 
The various summands A J ,{P } (G) can be decomposed even further. To this end, recall from [9], 1.2, the notion of an associate class φ P of cuspidal automorphic representations π of the Levi subgroups of the elements in the class {P }. 
We may therefore compare automorphic cohomology with the cohomology of S. Recall the Borel-Serre compactication of S, cf. [5] , [18] : We will denote it by S and by ∂S its boundary. Let H q ! (S, E µ ) be the space of interior cohomology, i.e., the kernel of the natural restriction map,
This is a direct consequence of the fact that the inclusion of compactly supported dierential forms into fast decreasing dierential forms denes an isomorphism in sheaf cohomology. 
Observe the position of the automorphism σ in the various coecient systems: This is the reason for our assumption that G is an inner form, since otherwise
. This is due to the rationality of the map res q , which we used in order to dene interior cohomology.
2.5. Certain bounds in cohomology. Given an associate class {P } of the parabolic F -subgroups, represented by P , we dene (with R = L R N R denoting a parabolic subgroup of G)
Moreover we let
This denition is motivated by our own results in [13] : The two numbers q max (P ) and q max will serve as certain upper bounds for the degrees of automorphic cohomology. Indeed, in [13] , we proved the following result: Theorem 2.4. Let G be a connected, reductive group over a number eld F and let E µ be an irreducible, nite-dimensional, algebraic representation of G ∞ on a complex vector space. Let {P } be an associate class of parabolic F -subgroups of G and let φ P be an associate class of cuspidal automorphic representations of
in all degrees q < q max (P ). In particular, below q max , automorphic cohomology
The latter theorem will be the key-result for the proof of the main result of this article detailed in the following section. 
17), we hence obtain an injection
In other words, we have realized Π f as a submodule of the space of automorphic cohomology in degree q 0 .
2.4, we nally end up with an irreducible subrepresentation σ
. This is the place, where the assumption that G is an inner form of a split algebraic group comes into play: As mentioned below our diagram in Sect. 2.4, otherwise, σ E µ (which denes the sheaf E µ ) may not be isomorphic to Eσ µ (which denes the coecient module in (m G , K)-cohomology) as a representation of G(F ).
By the denition of the σ-linear
is isomorphic to σ Π f . By our Thm. 2.4 (resp. our Thm. 18 in [13] ),
, which by the above is isomorphic to σ Π f , is contained as a subrepresentation of the former coho- 1 As I learned from L. Clozel, stronger results than the ones of Sect. 3.2 may be proved using the fact that a residual automorphic representation of GLn(A) is a M÷glinWaldspurger quotient, cf. [16] . However, I decided to leave this section, in order to exemplify the technique of Thm. 3.1. Theorem 3.3. Let G = GL n be the split general linear group over F and let E µ be a nite-dimensional algebraic representation of G ∞ . Let Π be a residual automorphic representation of GL n (A), with parabolic support {P } and with nonzero (m G , K)-cohomology in degree q 0 < q max (P ). Then for all σ ∈ Aut(C), there exists a residual automorphic representation Ξ of G(A), with parabolic support {P }, (m G , K)-cohomological with respect to Eσ µ and such that Ξ f ∼ = σ Π f . If P is maximal parabolic, then the condition q 0 < q max (P ) can be dropped, i.e., the result holds for all cohomological residual automorphic representations Π supported in the maximal parabolic subgroup P = (GL n/2 × GL n/2 ) · N .
Proof. Let Π be as in the statement of the theorem. Let q 0 < q max (P ) be a degree, where the (m G , K)-cohomology of Π ∞ (with respect to E µ ) does not vanish. As,
We now use a result of Franke: In [8] , Thm. 20, he proved that the decomposition of A J (G) along the parabolic supports {P }, cf. (2.2), is respected by the σ-linear isomorphism σ * . As a consequence of representations of GL n (A): Indeed, Π being assumed to be residual implies that P ̸ = G by Multiplicity One in the discrete automorphic spectrum. Therefore, the parabolic support of Ξ also defers from G. In particular, Ξ is residual itself (and we could avoid the assumption that Π f does not appear in interior cohomology H ! (S, E µ )). This shows the rst claim.
We will now prove the last assertion, claiming that the condition q 0 < q max (P ) can be dropped in the case of maximal parabolic subgroups. For a moment, let Π be any cohomological residual automorphic representation of GL n (A) supported in a pair ({P }, φ P ). In [12] , Thm. 4.1, we showed that its cohomology
does not vanish identically. In particular, by our above considerations, resp. our diagram
appropriate cuspidal support denoted σ φ P here. We use [12] again: In Sect. 6B therein, we showed that the lowest degree of cohomology q min is always smaller than a certain bound q res = q res ({P }, φ P ) of degrees of cohomology. (A precise denition of this degree may be found in [13] , Sect. 6.1 and [12] , Sect. 3C.) It is not important to know how this degree is dened in details; rather one should recall the main result of our paper [13] , Thm. 15, which says that for all q < q res , 
Corollary 3.6. Let G be a connected reductive linear algebraic group over a number eld F , which is an inner form of a split algebraic group, and let E µ be a nite-dimensional algebraic representation of G ∞ . Let Π be a residual automorphic representation of G(A), with nonzero (m G , K)-cohomology below degree q max , which does not appear in H ! (S, E µ ). Then Q(Π f ) is a number eld. If G = GL n /F , the we may lighten the assumptions on Π and may take Π to be a residual automorphic representation of GL n (A), with parabolic support {P } and with nonzero (m G , K)-cohomology in degree q 0 < q max (P ). If P is maximal, then the condition q 0 < q max (P ) may be dropped without replacement.
Proof. Let K f is nite-dimensional, the result follows from the niteness of the set {Eσ µ : σ ∈ Aut(C)}.
Remark 3.7. The above corollary generalizes a result which is wellknown for cohomological cuspidal automorphic representations (cf., e.g., Shimura [19] , Harder [15] p.80, Waldspurger [20] , Cor. I.8.3 and rst line of p. 153, Clozel [7] and GrobnerRaghuram [14] , Thm. 8.1.).
